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Abstract

The major purpose of this paper is to apply a stochastic single-period inventory management approach to analyze
optimal cash management policies with fuzzy cash demand based on fuzzy integral method so that total cost is mini-
mized. We will find that, after defuzzification, the cash-raising amounts and the total costs between the fuzzy case and
the crisp case are slightly different when the variation of cash demand is small. As a result, we point out that the fuzzy
stochastic single-period model is one extension of the crisp models. In any case, one may conclude that a conscientious
analysis in fuzzy mathematics like that presented in this paper provides a financial decision maker with a deeper insight
into the more real cash management problem.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

In real business environments, most financial managers have to determine how much cash to raise for
normal day-to-day disbursement or protecting against unanticipated variations from budgeted cash flows
in a business cycle, and furthermore to achieve the objective of minimizing expected total cost. Because va-
rious types of uncertainties and imprecision are inherent in the environment of cash management, they are
classically modeled using the probability theory and therefore unpredictable cash demand is usually re-
garded as a random variable (D,,,) with a p.d.f. (f(D)), where f(D) may be estimated by past statistical
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data. In realistic situations, however, such estimation is often biased. For example, if big news or shocks
occur in the financial market, cash demand for the next business cycle will show an unexpected fluctuation.
Therefore, facing the dilemma of shortage or excess, the financial manager must adjust cash balances in
accordance with real cash demand and reduce cash tied up unnecessarily in the system without diminishing
profit or increasing risk.

The problem of managing cash balance is similar to that of managing physical inventory. Baumol (1952)
first applied the EOQ model of inventory management in establishing a target cash balance. However, the
Baumol model oversimplified the problem. Most importantly, it assumes that cash inflows and outflows are
relatively stable and predictable, and it does not take into account any seasonal or cyclical trends. In the
literature after Baumol, cash flow is usually regarded as a prescribed constant or a stochastic variable with
time or raising quantity dependence (Tobin, 1958; Miller and Orr, 1966; Marquis and Witte, 1989). Recent
studies relating certain storage systems to cash flow management have attracted much attention. Harrison
et al. (1983) modeled the cash fund as a Brownian motion reflected at the origin. Harrison and Taksar
(1983) considered impulse control policies: When the cash fund is too large, the controller may choose
to convert some of his cash into securities; when the amount of cash decreases below some limit level, secu-
rities are reconverted into cash. Browne (1995) considered a firm with an uncontrollable cash flow and the
possibility of investing in risky stock. In the study of Milne and Robertson (1996), a firm’s cash flow is
determined by a diffusion process and faces liquidation if the internal cash balance falls below some thresh-
old value. Asmussen and Taksar (1997) and Asmussen and Perry (1998) provided jump diffusion models
motivated by finance and general storage applications. Perry (1997) also extended the model of Harrison
et al. (1983) by taking into account holding cost and unsatisfied demand cost functions to consider drift
control for a two-sided reflected Brownian motion. Nevertheless, so far as we know, the optimal cash man-
agement policy for business using the concept of fuzzy cash demand has not been considered.

The cash management problem discussed in this paper is closely related to the single-period stochastic
inventory, or “newsvendor,” problem, which is a standard problem in the literature of inventory (Johnson
and Montgomery, 1974; Hamidi-Noori and Bell, 1982). In such a problem, the management has to set the
inventory at the level in which the value of the cumulative distribution function is equal to the cost/price
ratio. Differing from previous studies, this paper attempts to develop a fuzzy model that takes the vague
cash demand into account in order to provide a useful starting point for establishing a target cash balance
in a fuzzy environment. We apply a stochastic single-period inventory management approach to analyze
optimal cash balance with the considerations of fuzzy information and random components for cash de-
mand (i.e. hybrid cash demand) so that total cost is minimized.

The rest of this paper is organized as follows. Section 2 states the preliminaries where we define fuzzy
integral in Property 4, and employ the signed distance method similar to Yao and Wu (2000) to formulate
the single-period model.

In Section 3, fuzzy integral method is employed to establish our fuzzy stochastic single-period model
with regard to the cash management issue. After defuzzification, we can obtain the estimated total cost
in the fuzzy sense in Formula 1. In Section 3.4, we estimate the fuzzy total cost by using exponential dis-
tribution as an example of Formula 1 shown in Theorems 2 and 3. In Section 4, we compare the result ob-
tained from the fuzzy case in Section 3.4 to that of the crisp case with numerical operations. Finally, some
characteristics of this model are discussed in Section 5 and concluding remarks are in Section 6.

2. Preliminaries

In order to apply the signed distance and the fuzzy integral method to formulate our problem, the fol-
lowing definitions are provided with some relevant operations.



74 J.-S. Yao et al. | European Journal of Operational Research 170 (2006) 72-90

Definition 1. A fuzzy set 4 defined on R = (—o0o0,00), which has the membership function,

o, a <x< b, . . ~
. — I ~ \ I - i . < .
wy(x) = { 0. otherwise. is called o-level fuzzy interval and denoted by 4 = [a, b; o], where a < b

Definition 2. By Pu and Liu (1980), a fuzzy set a is defined on R, which has the membership function,

pe(x) = { (1)’ z ; Z’ is called a fuzzy point.
Let F; be the family of fuzzy sets on R, for each CEeF ., we have a a-level set
C(a) = {x|uz(x) = o} = [Ci(x), Ce(2)] (0 < a < 1). Foreach o € [0,1], C(x) and C(«) are the left and right
end points of a-level set C(a) separately and both of Ci(«), C(«) exit and are continuous over [0, 1].
For C € F,, by decomposition theory and Definition 1, we have

C= U dew = | [Cr(0): Cule);al, (1)

0<a<l 0<a<l

where Iy is a characteristic function of C(«). B
Similar to Yao and Wu (2000), we consider the signed distance and ranking of C(€ F;), we provide Def-
inition 3 as follows.

Definition 3. For a, 0 € R, we define the signed distance of ¢ measured from the origin 0 by dy(a,0) = a.

Remark 1. The interpretation of Definition 3 is: If ¢ > 0, distance of a from 0 is dy(a,0) = a, and if a <0,
distance of a from 0 is —dy(a,0) = —a. Thus, dy(a,0) = a is called the signed distance of a from origin 0.

The a-level set C (€ F,) is denoted by C(a) = [Cy(«), Ci(2)]. From Definition 3, the signed distances from
left and right end points Cj(a), C(a) to origin 0 are defined by dy(Cy(x),0) = Ci(«), and do(C(a),0) = Cy(x),
respectively. Therefore, the signed distance of the closed interval [Cy(x), C(a)] from origin 0 can be defined
by do([Ci(2), Ci()], 0) = 3[Ci(2) + Ci(a)].

For each « € [0, 1], [Ci(a), Ci()] <> [Ci(), Ci(2); o] is one-to-one onto mapping, so the signed distance of
[C(a), C); o] from O is defined by

1

ﬂM@LQW%%Q:JMMW%GWKWZEWM%HMML (2)

Thus, for each C € F, (0<a<), Eq. (2) is a function of « and continuous over [0, 1], we can obtain the
integral mean value of the signed distance as

lAﬂwmmmmﬂmw:%A«m@+qmmm (3)

According to (1) and (3), we have the following definitions of the signed distance and the ranking of
fuzzy sets on Fj.
Definition 4. For each C € F,, the signed distance of C from 0 is defined by
- . 1 !
d(C,0) = 3 / (Ci(a) + C(a)) do.
0

Definition 5. For E‘, D € F,, define the ranking on F by

C > D iff d(C,0) > d(D,
C~D iff d(C,0) =d(

Ot

)
).

(wh
(e}

)
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Using Definition 5 and the order relations >, = on R, we have the following two properties:

Property 1. For A B, C ' € F;, the order relations =, ~ on Fj satisfy the following axioms: (1) A =~ 4; 2)if
A >~ B, B>~ A, then 4 ~ B; 3)zfA >~ B, B =~ C, then 4 =~ C.

Property 2. For A, B € F,, the order relations -, ~ satisfy the law of trichotomy. Namely, one and only one of
the three relations ofA - B, A~ B, B> A must hold.

From Properties 1 and 2, we know that the order relations >, = on F, are linear order.
Definition 6. For Z, BEF s, define the metric p by

(A B) = 1a(A,0) ~ d(B.0)]| = |5 [ (i) + 4.0 - B(2) - B. ()|

Property 3. ForA,B,C€F «» metric p satisfies the following three metric axioms: (1) p(A B) iffZ ~ B;
(2) p(4, B) = p(B.4); (3) p(4, B) + p(B. C) > p(A, C).

Proof. By Definitions 4-6, Property 3 can be proved. [

Definition 7. If A(HP||) (with respect to norm ||P||), B € F, and for each ¢> 0, there exist ¢ >0, when
IPI| < 5, p(A(|IPI]), B) < ¢, then denoted by limyp—oA(|IP|]) =

In order to infer the appropriate fuzzy calculus, we refer to the Theorem 3.2 of Goetschel and Voxman
(1986) and rearrange it as the following Theorem 1:

Theorem 1. If the fuzzy function f: [ c,d] — F is continuous with respect to the metric Dy, where

Di({l(a(r),b(r),r)| 0 < r < 1},{l(p(r),q(r), )| 0 < r < 1})
= sup(max{(|(a(r) = p(r)|, [b(r) —q(r))] 0 < r < 1}),

and if for each x € [ ¢,d], f(x) has the parametric representation given by {|(a(r, x),b(r,x),r)| 0<r< 1}, then
fuzzy  integral | ¢ f(x)dx  exists and  belongs to F, that is  parameterized by
{(f:i a(r,x)dx, fcd b(r,x)dx, r)O <r< 1}, where F is the family of fuzzy numbers.

The calculus of Theorem 1 is to utilize the operational analysis of crisp two-dimensional vector. As to the
reasons why it cannot be appropriately treated for fuzzy operation, we will discuss in Section 5.2.

As above-mentioned, the a-level set of a fuzzy set B on Fy is denoted by B(a) = [Bj(«), B(«)], for each
a € [0,1], let By(x) and By(«) be the functions of x denoted by Bj(a) = by(, x) and B(o) = by(a, x) separately
(see Section 3.3, for B=D and x=D). According to decomposition theory, we obtain
B = Uogdgl[bl(oc,x),br(oc,x); o], which has the different present form from Goetschel and Voxman (1986)
but there is the same mean.

Let F; be the family of fuzzy set B on F On F?, for any ¢ <d (d can be attained to +o0) and for each
o €[0,1] f Bi(a)dx = f bi(o, x dxandf B ( dx f b, (o, x) dx exist. Obviously, F: C F.

Let B = Uogxgr[ 1(2, %), be (o, x); o] be a fuzzy number and f ( ) € F:, by extension principle, the mem-
bership function of f(B) can be denoted by u ) (z) = sup,c 1,1z (x) and its a-level set is denoted by

f(B)(@) = [f(B),(), f(B),(«)], for each « € [0,1], let both f(B),(x) and f(B),(«) be the functions of x de-
noted by f(E)l(oc) = a(a,x) and f(~) (o) = b(a, x), respectively From the property of F7, for any c<d(d
can be attained to +oo) and for each ae[0,1] [/ (B)(x)dx= [‘a(x,x)dx and [‘f(B),(x)dx =
ff b(a,x)dx exist. Since Fy C F,, according to the property of F,, we know that for each x € [e,d],
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a(o,x) and b(a,x) exist and continuous with respect to o €[0,1]. By decomposition theory, we
obtain f(B) = Uo<acila(e,x), b(a,x); 0], and for each &€ [c,d], the fuzzy set F(B)(¢) defined as
F(B)(€) = Uyese lale ), (e, €); 0.

Let P = {xo,x1,...,x,} be a partition of [¢,d] and 4, = x;—x; 1 > 0,i=1,2,...,n. For each ¢; € [x;_1,x;],
i=1,2,...,n, we can obtain the fuzzy sets as f(B)(¢,) = Uocwcrilale, &), b(a, &) af, i=1,2,...,n. After-
ward, for each i € {1, 2,...,n}, a(a, &) and b(«, ;) are continuous with respect to « € [0, 1], all of the a-level
sets [a(a, &;),b(a, &))] off( )( ;) exist and f( V¢ € Fy,i=1,2,...,n. Since 4,> 0 and let the fuzzy operator
“(4)” represented by “+”, we obtain

ZAl;‘(E)(éz) = U Za(av éi)Ath(a7éi)Ai;a era l: 172,' . ,I’l
i=1 i=1

0<a<1 | i=1

Let Fy = U0<m<1 f; o, x) dx, fdb (o, x)dx; o] and F, € F,, because f(E) € F?, it indicates that for each

2€[0,1], both [ a(x,x)dx and [ b(x, x)dx exist.

Accordmg to the definition of crisp definite integral, we have [ a(,x)dx = limp o> 1 a(x, &)4;,
and f b(o,x)dx = limypy_o> ., b(x, &) A4;, where norm ||P|| = max,<<,4;. For each «€[0,1], let
P ={x¢,xy,...,x,}, provide the positive 4,=x,—x;_;, i=1,2,...,n, and for each ¢>0, there exist
0{a) >0, j=1,2, such that the following equations hold:

S a(, )4, - /Cda(oc,x)dx

/()dx

Let 0; = info<,<10(a), j = 1,2. If 9; = 0 then 0 < max;<;<,4; = || P|| <info<y<10a) = 0. At the time only
max¢;<,4; = 0 satisfies the above condition. Namely, 4,=0 for i=1,2,...,n, but that is nonsensical.
Thus, 6,> 0, j= 1,2, must hold. Now let 6 = min(é,,d,) > 0, then we know that for each a€[0,1] and for
each &> 0, there exist 6 > 0, such that if P = {x¢,xy,...,x,} with ||P]| <J, then (4) and (5) hold.

Therefore, when || P|| < é and by Definition 6,

P(lzn;Aif@)(f;),ﬁ]) = %/0 lzn:a(oc,ﬁ,v)zli+zn:b(ot,fi)4|i—/c a(a,x)dx_/c b(a,x)dx]doc

i=1 i=1
1 1
<=
2,

1P[| < 61 (a), < (4)

|1P|| < 02(e <e. (5)

n

Za(a, &4 — /Cda(ot,x)dx

i=1
1 n d
S b, )4, — / bo,x) dx
=1 c

Finally, by Definition 7, we have limyp 031 f(B)(¢)4, = Upeser [fcd a(a, x) dx, fcd b(a, x) dx; o] and em-
ploy that to define the fuzzy integral | “ £(B)dB as Property 4.

da

do < e.

Property 4. If f(B) = Upe,ela(o ), b(a,x)s) € i, where £(B),() = a(a,x), f(B),(2) = b(z.x), then
fjf( B)dB = U0<q<1[f %xdxfbotxdxoc}

[Note 1. The reason we adopt the metric p of Definition 6 is alluded to Section 5.2.]
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3. Constructing a fuzzy stochastic single-period cash management model
3.1. Crisp case of stochastic single-period cash management model

Before developing the fuzzy stochastic single-period model, we first briefly describe the crisp case pro-
posed by Johnson and Montgomery (1974). We then apply the model to determine the optimal cash-raising
level, say R*. The model describes the cash-raising process, in which the financial manager has to decide
how much cash should be raised for a single period under uncertain demand and when the objective is
to minimize expected total cost. Now the expected total cost in the crisp model can be expressed as the
sum of the raising cost, the expected holding cost and the expected shortage or penalty cost that is given by

E(R) = C(R — 1) +H/ (R — D)f(D)dD + V/OQ(D—R)f(D)dD

—a+HR/f D)dD — H/ dD+V/:g(D)dD—VR/ROCf(D)dD, (©6)

where a = C(R — I) and g(D) = Df(D), C = raising cost per unit cash balance, / = amount of net cash in-
flow on hand before the raising decision at the start of the business cycle, R = amount of cash raised by
selling marketable securities or by borrowing, which is a decision variable, D = amount of cash demand
for disbursement or transaction during a business cycle,

Dy, 18 @ random variable with p.d.f. f(D), ()

H = holding cost per unit cash balance at the end of the cycle (i.e. opportunity cost); V= penalty cost or
cost of avoiding a shortage per unit cash balance (V' > C > 0).

Once the optimal cash-raising level (R") is determined, the amount of cash balance at the start of busi-
ness cycle will be computed by Max(R* — I,0).

3.2. Hybrid data of cash demand during a business cycle

In this section, we propose the legitimation of using “hybrid data” to describe the uncertain cash de-
mand. Kaufmann and Gupta (1991) indicated that the components of hybrid data are not homogeneous
but are a mixture of random components and fuzzy information. When Saade (1994) applied their concept
to consider a fuzzy hypotheses testing problem with hybrid data, he postulated two hypotheses: null
hypothesis H, : » = A + n, and alternative hypothesis. H, : » = B 4+ n, where A, B are fuzzy sets and n is
a random component. He then tested them according to the value of the observable r. To give an example,
when a tax authority wants to survey the yearly average operating income for nationwide commercial firms,
they usually use a random sampling method to obtain the sample data. The collection of the statistical data
is based on the past accounting information provided by the firms. However, real operating incomes of
firms change frequently and such statistical data should be an estimated value. In other words, the real
operating income should be in the vicinity of the estimated value that it is provided with the fuzzy charac-
teristics. Meanwhile, such data would possess random characteristics since it is a consequence of random
sampling. Namely, the statistical data provided with both characteristics of fuzzy and random are so-called
hybrid data.

As the notation (($%)) of crisp case mentioned in Section 3.1, D is the real amount of cash demand dur-
ing a business cycle and D,,, is a random variable with p.d.f. f{D), the statistical data of random variable
D,,, means the amount of cash demand (D) during a business cycle, and D,,, will be set beforehand as D at
the beginning of new business cycle for disbursement or transaction. However, the cash demand in a whole
business cycle usually varies with the uncertainty of the financial environment. The real amount of cash



78 J.-S. Yao et al. | European Journal of Operational Research 170 (2006) 72-90

demand is not necessarily equal to D at the end of business cycle but may vary during the interval
[D — 4,,D+ A5], where 0 < 4; <D, 4,> 0, and 4,, 4, may be appropriately determined by the financial
manager. Therefore, from the corresponding interval [D — 4, D + 4,], we can consider the following tri-
angular fuzzy number:

D = (D—A,,D,D+ 45). (7)
And the membership function of D is,

%a D_AI<X<D7

Hp) = P D<x <D+ 4y, (8)

0, otherwise,

where 0 < 4; <D, 0< 4,.

Furthermore, considering the random variable D,,, in notation ((3%)), the amount of cash demand dur-
ing a business cycle could be regarded as hybrid data, which is the mixed data of random components and
fuzzy information.

3.3. Estimate total cost based on fuzzy integral with fuzzy probability distribution f (5) and fuzzy cash
demand D

In Section 3.2, since the amount of cash demand during a business cycle may be regarded as hybrid data
with random components and fuzzy information, according to the characteristic of fuzzy information of
hybrid data and by (7), D is fuzzified as a triangular fuzzy number D = (D — 4,,D,D + 4,), where
0<4; <D, 0<4,, and the variations (i.e. 4; and 4,) can be appropriately determined by the financial
manager. The membership function of D is therefore denoted by (8). On the other hand, according to
the characteristic of random components of hybrid data, we can use D to fuzzify the cash demand D of
p.d.f. f{D) and therefore obtain a fuzzy set f (N) Then, using signed distance to defuzzify the fuzzy set
f (D) we can obtain the p.d.f. of D, in the fuzzy sense (see Remark 4). We employ the extension principle
to find its membership function 1, D)( z). We also fuzzify g(D) as g( )= D( )f (D). Thus from (6), the fuzzy
total cost for a fuzzy stochastic smgle period model is given by

R 00 00
Ew) =at) ([ 10)aD) ) (# [ 010D ) ) (v [ eBrad) ) (m [ rD)ab).
0 0 R R
©)
where f(f f (l~))d5~, fOR D)dD, fx g D)dD, and Jz d(D D)dD are the fuzzy integrals in Property 4.
The a-cut of D is denoted by D(oc) [Diy(x), D (oc)] O<oc< 1, where Dy(o) =D — (1 — 2)4,(> 0) and
D) =D+ (1 — a)4,( > 0) are the left and right end points of a-cut respectively. By the operation of

two crisp intervals proposed by Kaufmann and Gupta (1991):

If a <b and p <g, then
lka, kb), if k >0
b = b+ ql; b] — =la—q,b—pl; kla,b] =
b+ lpg) = laspbal fal=lpal = la—g.b—pls Kabl={ 20 T2

[a,a] represents a point “a”. If 0<a<b and 0<p < g, then

[a,b]  [p,q] = [ap, by]. (10)
The o-cut of £(D) and g(D) can be expressed as

F(D)(@) = {2l 5,(2) > a} = [£(D),(2)./ (D)),
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and

g(D)(#) = [¢(D),(2), ¢(D),(2)] = [Di(w), D ()] ® [f(f?)l(a)vf@)r(%)}

From Property 4, we have the a-cut of fuzzy integrals fo D)dD, fo D)dD, [*f K D)dD, and
[ g(D)dD as follows:

</f ([ o]
([ v v

( dD) [ ladD,/Rf or }
< dD) [ g(D),(2)dD, /R " g(D),(x) dD], where 0 < o < 1.
By decomposition theory, fuzzy total cost (9) becomes
E(R) = Ogl[E(R)l(a)f(R)r(a); o, (11)
where h
E(R)l(a)ZC(R_JHHR/ORf( %)dD — H/ %)dD + V/Oog(ﬁ)](oc)dD—VR
« [ s, (12
and
E(R).(2) = C(R —I) + HR /ORf( %) dD — H/ «)dD + V/wg(b)r(rx) dD — JR
x /Rocf(ﬁ)l(oc) dp. (13)

After using the signed distance method defined in Definition 4 to defuzzify the fuzzy total cost, we obtain
the following estimated total cost in the fuzzy sense:

E*(R) = d(E(R),0)

- [ [Ewe + Ee )()}da

=C(R-1)+ [HR/ / /(D ()] doedD
—H/ / )]doedD + V/ / (a)]dadD
—VR/ / If(D )}docdD} (14)
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Formula 1

(a) By fuzzifying cash demand in (6), the fuzzy total cost is (9).

(b) By (10), fuzzy total cost in (9) can be represented as (11).

(c) Using signed distance method to defuzzify the fuzzy total cost in (11), the estimated total cost in the
fuzzy sense (14) can be obtained.

3.4. The derivation of main theorems by using exponential distribution as an example of Formula 1

The following is one example of Formula 1. As to the usage of other forms of p.d.f., we can also employ
Formula 1 to obtain similar results. Here, we consider that cash demand during a single business cycle fol-
lows an exponential distribution, i.e. /(D) =4 exp (—2), 0< D, where 0 is known and 0 < 0< 1. The mean
value of AD) is [;° Df(D)dD = 0.

Remark 2. Because 0 is the statistical estimation of cash demand from each past business cycle, the
measuring unit of cash demand would be consider as $1000, $10,000, $20,000, ... or $200,000 to enforce the
statistical mean value upon the interval [0, 1]. For example, if the estimations of cash demand from the past
five business cycles are $110,000, $120,000, $160,000, $180,000, and $190,000, then we divide the measuring
unit by $200,000 and therefore the statistical data becomes 15,43 ,38,3% and 13, separately, and their mean
value is 1 (35 + 22+ 18 + 18+ 13) = 0.76 € [0, 1]. This is regarded as the estimation of 6, with measuring unit,
$200,000. Furthermore, by Fig. 1, which is a legend of exponential distribution, if Dy = 201n é, then
SDo) = 0.

[Note 2. In this section, the cash demand can be regarded as hybrid data, but 0 is a fixed value.]

_ According to Formula 1 and (7), cash demand D is fuzzified as a triangular fuzzy number
D = (D — 4,,D,D + 4,), where 4; and 4, can be appropriately determined by the financial manager,
and the membership function of fuzzy cash demand D is denoted by (8).

Similarly, the a-level set of D is D(x) = [D;(a), Di(2)], 0<a< 1, where

D) =D — (1 —a)4;(>0) and Di(a) =D+ (1 — 0)d5(> 0). (15)

Qb‘v—*

Fig. 1. Probability distribution of f{D).
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Remark 3. Formula 1 is the common procedure for finding the estimated total cost in the fuzzy sense
under fuzzy p.d.f. (D). In our cash management problem, on the one hand, cash demand is defined by
varying during [0,00) so that it is relatively difficult and complex to find out the fuzzy p.d.f. of normal
distribution by using Formula 1, and on the other hand, since the exponential distribution shown in Fig. 1
is a concave monotonic decreasing function during [0, oc), while normal distribution (N(0,¢?)) is a convex
monotonic decreasing function during [0, 00), these two distribution functions have analogous shape during
[0,00). Based on this, it is a better measure to use an exponential distribution as an example of p.d.f. such as
in Formula 1 than that of a normal distribution. As regards other forms of p.d.f, we can obtain the
analogous results by using Formula 1 as well.

From Formula 1 and Remark 3, we have the following Theorem 2:

Theorem 2 (Fuzzy case by Formula 1). If the p.d.f. of cash demand D follows an exponential distribution
f(D) = %exp (— %),O < D,0< 0 < 1, and D is fuzzified as a triangular fuzzy number D (in (7)), then the
following results can be obtained:

(b) The estimate of total cost in the fuzzy sense is E**(R;0 C( I) lHR[F*(O,R; 1) +F*(O,R;2)}—
LHIG.(0,R51,2) + Gu(0,R;2, 1)] + S V[G. (R, 003 1,2) + G (R, 003 2, 1] — LVRIF. (R, 003 1) + F. (R, 00:2)]
(in (A.14)), where F.(0,R;)), F.(R,o0;)); j=1,2,G" (0, R 1 2) G (0 R;2,1), G «(R,00;1,2) and
G.(R,0;2,1) are defined by (A.10)~(A.13) in the appendix.

(c) The optimal solution in the fuzzy sense is: if B(0,4,,45,)>0, A(0,4,,45)>0, and B(0,4,,45) > 0
A(0, 44, 4y), then the optimal cash-raising amount R5(0;4,,4,) = 0ln HZ((GH‘L‘ ‘LZ), where A(0,4,,4,) and
B(0, Ay, Ay) are defined by (A.18) in the appendix, and the minimum total cost E™(R5(0; 41, 42);0) is
the result of substituting R;(0) into R of E**(R;0) shown in (b).

(a) The fuzzy total cost is the form in (9) with (D) = 5 exp (— %IN))
) =
(R,

Proof. See Appendix. O

This means that when the p.d.f. of cash demand is known and the variations of cash demand have been
appropriately determined by the financial manager, the optimal cash-raising amount and the minimum to-
tal cost formulated under the fuzzy integral method can be found out by Theorem 2.

Theorem 3 (Crisp case). If the p.df of cash demand D follows an exponential distribution
f(D) = Hexp (— —) 0< D, 0<0<1, and total cost is E(R) (in (6)), then the following results can be obtained:

(a) The optimal cash-raising amount is R} (0) = +c
(b) The minimum total cost is E(R;(0)) = (H + ) HOEXSCE I).

Proof. See Appendix. [

£(D) = d(£(D),0) :%/0 exp (-2 0= 0) | (D00

_ O [ ( DOm0\ ( Di0n0+4
24, | P 0 P 0

0 [ (_D+0mO\ (D400 4
24, |¥P 0 P 0 ’

O_@m>ka
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Remark 4. From (A.2) and (A.3) and Definition 4, we have

et (8] e (4]

The financial manager can appropriately determine A4; and 4, to satisfy the following conditions:
D> A, >0 4,>0, and 551 —exp( 2)] — s [l —exp (— 41)] = 1. Obviously, /(D) >0 for all D>0

and fo D)dD =1, then f* (D) is called the p.d.f. of D, in the fuzzy sense.

4. Numerical example

The methodology of fuzzification that we have proposed in the preceding sections would be helpful for
financial managers to improve their cash-raising decisions and achieve the optimal cash-raising policy for
the minimum total cost. In order to specifically illustrate the above procedures, let us consider a hypothet-
ical cash-raising system with the following example.

Example. We illustrate the example by assuming the p.d.f. of cash demand to be /(D) = § exp (—5), 0< D,
0<0<1. Afterwards, we consider a cash-raising system with the following data: C=3$0.1, I=$0,
H=3%0.02, V= 2§0.2, and $4,, $4, can be determined by the financial manager, then we employ Theorems 2
and 3 to compute the scenarios of =1, 0.8, 0.6, 0.4, respectively.

Furthermore, in order to find the relative errors in cash-raising amount and total cost between the fuzzy
case and crisp case, we let

R;(GQAMAZ) —R
Ri(0)
E™(R3(0, 41, 45);0) — E(R{(0))
E(R{(0))

these numerical results are presented in Tables 1-4, and furthermore the implications will be separately dis-
cussed in the next section.

For simplicity, we use the notation R;(0) and E**(R;(0);0) to respectively replace R;(0; 4, 4,) and
E™(R5(0; 41, 4,); 0) hereafter.

In the illustrated example, all of the parameters such as C, I, H, V, A, and 4, are measured by millions.
The additional explanations for Tables 1-4 are enumerated as follows.

(1) In Table 2, if 4; = 4, = 0.00001, then the optimal cash-raising amounts and the minimum total costs
are almost indifferent between the fuzzy case and the crisp case, (see Section 5.1).

(2) In Tables 2 and 3, for each given 4, — A;(>0), when 0 increases within interval (0,1], the optimal
cash-raising amount, R;(0; 4,, 4,), and the minimum total cost, E**(R5(0; 41, 4,); 0), are decreased.

ra(0) = 10 100(%),

Fy(0) =

x 100(%);

Table 1

Crisp optimal solutions

0 1 0.8 0.6 0.4
R;(0) 0.606136 0.484909 0.363681 0.242454

E(R;(0)) 0.172736 0.138189 0.103642 0.069095
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Table 2

Optimal solutions for fuzzy case (4, < 4, and 4,, 4, in millions)

0 Ay 0.00001 0.00001 0.0002 0.003 0.005
Ay 0.00001 0.000012 0.0003 0.004 0.007
Ar — Ay 0 0.000002 0.0001 0.001 0.002

1 R;(1) 0.606136 0.606136 0.60614 0.606183 0.606236
E*(R3(1); 1) 0.172736 0.172736 0.172736 0.172734 0.172732
ra1(1) % 0 0.00001 0.0007 0.0078 0.0165
Foi(1) % 0 0 —0.0002 —0.0014 —0.0024

0.8 R3(0.8) 0.484909 0.484909 0.484913 0.484957 0.485013
E**(R%(0.8);(0.8) 0.138189 0.138189 0.138189 0.138187 0.138185
21(0.8) % 0 0.00002 0.00087 0.0101 0.0215
F»1(0.8) % 0 0 —0.00022 —0.0016 —0.0027

0.6 R3(0.6) 0.363681 0.363682 0.363686 0.363733 0.363793
E*(R*(0.6);0.6) 0.103642 0.103642 0.103641 0.10364 0.103639
121(0.6) % 0 0.00002 0.0012 0.0141 0.0306
F5>1(0.6) % 0 0 —0.00029 —0.0019 —0.0029

0.4 R3(0.4) 0.242454 0.242454 0.242459 0.24251 0.24258
E**(R3(0.4);0.4) 0.069095 0.069095 0.0690-94 0.069093 0.069093
121(0.4) % 0 0.00003 0.00175 0.0231 0.0517
F>1(0.4) % 0 0 —0.00043 —0.0021 —0.0021

Table 3

Optimal solutions for fuzzy case (4, < 4, and 4,, 4, in millions)

0 A 0.01 0.015 0.02 0.1 0.1
A, 0.015 0.024 0.03 0.15 0.2
Ar — Ay 0.005 0.009 0.01 0.05 0.1

1 R;(1) 0.606417 0.606686 0.606947 0.61537 0.620167
E*(R5(1);1) 0.172729 0.172728 0.172738 0.173374 0.173529
121(1) % 0.0463 0.0908 0.1165 1.5235 2.3149
F>i(1) % —0.0041 —0.0045 —0. 001 0.3693 0.4588

0.8 R3(0.8) 0.485208 0.485503 0.485687 0.495891 0.501306
E**(R3(0.8);0.8) 0.138184 0.138186 0.138199 0.139019 0.139243
11(0.8) % 0.0616 0.1225 0.1605 2.2647 3.3816
F>1(0.8) % —0.0037 —0.0022 0.007 0.6007 0.7624

0.6 R5(0.6) 0.364011 0.364348 0.36458 0.377532 0.383921
E**(R5(0.6);0.6) 0.10364 0.103647 0.103665 0.104787 0.105118
121(0.6) % 0.0905 0.1833 0.2471 3.8083 5.5653
F>1(0.6) % —0.0017 0.00486 0.0222 1.1049 1.4243

0.4 R3(0.4) 0.242844 0.243266 0.243592 0.261855 0.269971
E*(R3(0.4);0.4) 0.069099 0.069116 0.069144 0.070874 0.071366
121(0.4) % 0.1605 0.3348 0.4692 8.0018 11.349
F>(0.4) % 0.0070 0.0305 0.0715 2.537 3.2877

(3) In Table 3, if 4, =0.1, 4, =0.2, 0 = 0.4, then r,;(0.4) = 11.349(%) and F>;(0.4) = 3.2877(%). Note
that the unit of measurement is millions, so there are significant differences between the fuzzy case and
the crisp case.

(4) In Table 4, we may also find the similar features.
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Table 4
Optimal solutions for fuzzy case (4, < 4, and 4, 4, in millions)
0 Ay 0.000012 0.0003 0.004 0.015 0.15 0.2
Ay 0.00001 0.0002 0.003 0.01 0.1 0.1
Ay — Ay 0.00001 0.0001 0.001 0.005 0.05 0.1
1 R3(1) 0.606136 0.606132 0.6061 0.606 0.611381 0.612328
E*™(R3(1);1) 0.172738 0.172744 0.172759 0.172767 0.173701 0.174202
21(1) % —0.00001 —0.00068 —0.0059 —-0.022 0.8653 1.0216
Fo(1) % 0 0.000177 0.00212 0.0134 0.5586 0.8487
0.8 R3(0.8) 0.484909 0.484905 0.484874 0.484791 0.491999 0.493741
E**(R%(0.8);0.8) 0.138189 0.138189 0.138193 0.138214 0.13936 0.139954
121(0.8)% —0.00002 —0.00085 —0.0071 —0.024 1.4623 1.8215
F>51(0.8) % 0 0.00022 0.00277 0.0182 0.0847 1.2769
0.6 R3(0.6) 0.363681 0.363677 0.363649 0.363594 0.373851 0.37694
E*(R5(0.6);0.6) 0.103642 0.103642 0.103646 0.10367 0.105156 0.105909
121(0.6) % —0.000023 —0.0011 —0.0088 —0.024 2.7963 3.6455
F>1(0.6) % 0 0.0003 0.00394 0.0276 1.461 2.1874
0.4 R;(0.4) 0.242454 0.24245 0.242427 0.242428 0.258758 0.264588
E**(R3(0.4);0.4) 0.069095 0.069095 0.069099 0.06913 0.071296 0.072378
121(0.4) % —0.00003 —0.0017 —0.011 —0.011 6.7244 9.1288
F51(0.4) % 0 0.00045 0.00668 0.0511 3.1866 4.7523
R, (6;A,A)
0.612
0.611 /
0.61 /
0.609
0.608 //
0.607

0.606
0.605

0.604

0.603 : v A
pl p2 p3 p4 ps pé p7 p8 P9 p10 pll pl2

Fig. 2. Graph of R;(0;4,4) (scenario: 6§ =1, pl =0.0001, p2 =0.001, p3 =0.003, p4 =0.005, p5 =0.007, p6 =0.009, p7 =0.01,
p8=0.03, p9 =0.05, p10 =0.07, p11 =0.09, p12 = 0.1, by Table 1, R;(1) = 0.606136).

it =4, = i _ ¢4 Mer(@)-or(9))
In addition, when 4 = 4, = 4,, by rearranging (A.18), we have 4(0,4,4) = C + 5 and

B(0,4,4) =Y(H + V)(exp (4) + exp (—4)), then Theorem 2(c) becomes R;(0; 4y, 4,) = Glan’iA"o), where

04(0,4,4
0 <0<1, and furthermore £ (R5(0; 4;, 45); 0) (in Theorem 2(c)) can be obtained as well. For 0 =1, 0.6,
the varied trends with respect to variation 4,R5(0; A4, 4,) and E™(R5(0; 41, 43); 0) are shown in Figs. 2—
5, respectively.
In Fig. 2, when 0 =1 and the variation 4 from pl = 0.0001 to p7 = 0.01, the values of R;(1; 4, 4) are
very close to that of the crisp case (Rj(1) = 0.606136); and in Fig. 3, there are the same results when
0 =0.6 (see Section 5.1).
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R, (6;A,A)
0.374
0.372

0.37 //
0.368

0.366 //
0.364

0.362

L
L
L
<
<
<
4

0.36

0.358 : : : » A
pl p2 p3 p4 ps pé p7 p8 P9 p10 pll pl12

Fig. 3. Graph of R;(0; 4, 4) (scenario: 6 = 0.6, pl =0.0001, p2 = 0.001, p3 =0.003, p4 = 0.005, p5 =0.007, p6 = 0.009, p7 = 0.01,
p8=0.03, p9 =0.05, p10 =0.07, p11 =10.09, p12 = 0.1, by Table 1, R;(0.6) = 0.363681).

E"(R,(6;4,4);6)

0.1733

0.1732 //
0.1731

0.173 /.
0.1729
0.1728 -

0.1727

0.1726

0.1725

0.1724 I . . A
pl p2 p3 p4 p5 pé p7 p8 P9 p10 pll pl2

Fig. 4. Graph of E™(R5(0;4,4);0) (scenario: §=1, pl =0.0001, p2=0.001, p3 =0.003, p4=0.005, p5=0.007, p6=0.009,
p7=0.01, p8 =0.03, p9 = 0.05, p10 = 0.07, pl1 =0.09, p12 = 0.1, by Table 1, E(R;(1)) = 0.172736).

E”(R;(8;A0);6)

0.1046

0.1044

0.1042 /
0.104 /

0.1038 //
0.1036

0.1034

0.1032 I . . )
pl p2 p3 p4 p5 pé p7 p8 P9 p10 pll p12 A

Fig. 5. Graph of E*(R}(0;4,4);0) (scenario: 6=0.6, pl =0.001, p2=0.0001, p3=0.003, p4 =0.005, p5=0.007, p6=0.009,
p7=0.01, p8 =0.03, p9 = 0.05, p10 =0.07, pI1 =0.09, p12 = 0.1, by Table 1, E(R;(0.6)) = 0.103642).
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Similarly, in Fig. 4, when 0 =1 and the variation 4 from pl =0.0001 to p7 =0.01, the values of
E™(R;(1;4,4);0) are very close to that of the crisp case (E(Rj(1)) = 0.172736); and in Fig. 5, there are
the same results when 6 = 0.6 (see Section 5.1).

Our Theorems 2 and 3 constitute the foundations of the fuzzy cash management model we are propos-
ing. The additional discussions are summarized in the next section.

5. Discussions

Let us discuss the features derived from our fuzzy model as below.

5.1. Using triangular fuzzy number D = (D — A;,D,D + 45) to fuzzify p.d.f. as f(D) in Section 3.4

When the p.d.f. of the random cash demand D,y is /(D) =4 exp (—2), the fuzzy case of Theorem 2
can be obtained. From Figs. 2-5, if 4 = 4, = A — 0, then the fuzzy case is close to the crisp case of The-
orem 3.

5.2. The reason for the application of metric p in Definition 6

In Theorem 1 of Section 2 provided by Goetschel and Voxman (1986), two r-level sets
([a(r, x),b(r,x)], [p(r,x),q(r,x)]) of intervals are regarded as a point in two-dimensional vector space. That
is to apply the operations (+, —, X) of vectors and to use the metric D, in two-dimensional vector space
to demonstrate Theorem 1. But in this paper, the operations (+, —, X) of crisp intervals shown in (10) in
Section 3.3 are not the vectors operations. The operations ((+), (—), (X)) of fuzzy sets are to apply the oper-
ations (+, —, X) of crisp intervals and decomposition theorem to find the operational results of fuzzy sets,
and then the fuzzy integral in Property 4 will be derived from using the operations ((+), (—), (X)) of fuzzy
sets to deal with metric p. Thus it can be seen that Theorem 1 provided by Goetschel and Voxman (1986) is
due to using the operations of vectors but not the fuzzy intervals derived from using fuzzy operations and
metric Dy. Namely, Theorem 1 does not satisfy the fuzzy principle. However, Property 4 is analogous with
Theorem 1.

Furthermore, general metrics in two-dimensional vector space usually use the vectors’ operations
(+, —, x). It is not suitable to employ such metrics to find the fuzzy integral. The derivation of metric p used
in our paper is to apply Definition 6 and the linear order d (see Properties 1 and 2) defined on Fj (i.e., the
family of fuzzy sets on ‘R defined in Section 2) to operate our model and such metric p satisfies three metric
axioms (e.g., see Property 3).

6. Concluding remarks

In practice, since most single-period cash management problems have no historical data to determine the
cash demand and formulate its probability distribution function for computing the optimal cash-raising
amount, the fuzzy model developed in this study should be more suitable to solve the real world cash man-
agement problems than non-fuzzy models. In this paper, we have focused on applying the fuzzy stochastic
single-period model based on fuzzy integral method to solve the problem of cash management, where de-
mand is regarded as hybrid data. In conclusion, we have explained why past data cannot sufficiently predict
real cash demand that may depend on unexpected events. Our main contribution is to provide the analytical
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development of a theoretical model, so as to reveal the practicability of applying single-period inventory
theory in the issue of cash management with the fuzzy sense.
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Appendix A. Proofs of Theorems
Proof of Theorem 2
(a) By Formula 1(a). B
(b) To fuzzify the cash demand D of p.d.f. f{D), we obtain a fuzzy set (D), and then utilize extension

principle to find its membership function u (B (z) as follows:

Let z = f(x), i.e., x = —0 In 0z, by (8), we have

D+Az+0Al;10+Uln27 % exp (70-2412) <z< % exp (7 %)7
~ — ~ — —0In0—D+4,—01 1 D 1 D—A
,l,lf(D)(Z) xzs_l(;]lg()z'uD(X) %7 7 eXp (—g) < z < 9 eXp (— Tl)’ (Al)
0, otherwise.

Thus, the left and right end points of the a-level 7(D)(x) of f(D) are

1D () = exp - 2L A2, (A2)
1D () = exp (- 2=, (A3)

We also fuzzify g(D) as g(D) = 5(-)}”(1}), then from (8), 0< Dy(«) < Dy(2) and 0 < f(D),(2) < f(D), (=),
Vo €[0,1]. By (10), the o-level set of g(D) can be rewritten as

g(D)(#) = [g(D),(#),8(D),(2)] = [Dr(2)f (D),(), Ds(2)f (D), ())- (A-4)

From Property 4 and (12), (13), we can obtain the fuzzy total cost E (R) in (11). Using signed distance meth-

od in Definition 4 to defuzzify (11), we have
~ ~ 1 (' ~ 1
B(R:0) = d(ER).0) = 5 [ [ER)@)+ E®) ()] d2 = 5[5 (R) + £ () (A5)

where E(R),(2) and E(R),(x) are in (12) and (13) respectively,
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CR-1) +HR/ /f o)dadD — H/ / o)dadD
+V/ / o)dadD — VR/ /f o) doedD; (A.6)

E*(R), = / E(R), (2) da

C(R - I+HR/ /f 2)dadD — H// 2)dodD
+V/ / o)dadD — VR/ /f o) docdD. (A7)

The integrals [, /(D),(«)dx, [, f(D),(«)de, [, g(D),(x)de, and [, g(D),(x)dx must be calculated before-
hand ifn 01r.der1t02 solve (14) (or (A.6) dnd (A.7)). From (A.2)-(A.4), we have the following:
Or j = ) )
1 D+ 00+ (—1Y(1 —2)4,
L(D;j)E/ exp(— +Omo+ (1) (1 —a) j)doc
0 0
6 (D+01n0) A 8
0
= / . exp(—z)dz (A8)
(_1)j+ Aj (D+01n0)0+(—l)/4\/-

0 (=1Y*' 4, D+0In0
= (-1)’“41, lexp ( 0 ) = 1] exp (——0 )

Afterwards, we use the formula, f z(exp(—z))dz = fab zd(—exp(—z)) = [—z(exp(—2))]|" + ff exp(—z)dz, in
the following operation: For 7, j=1,2 and i # j,

K(D;i. ) z/o D+ (—1)/(1 — @) 4] exp (—D”l“@* ' —“Mf)da

(D+01n 0)
7

0

? (D+601n ()+(7|)/'/|].) [( )
JYT

4,0z + (—1Y 4,0 — (—1)'4,(D + 01n 0)] exp(—z) dz

eEXp | — -

;i 0
(_l)i+1Ai02 (_1)j+10 (_1)j+1Aj .
D i J)- .
+[ ey ) (A9)

Continuously, let

F.(0,R;)) = /ORL(D;j) dD = (—11“0 lexp <(_1);+l4> - 1] [1 —exp (—W)], (A.10)

F.(R,00;)) = /ROCL(D;j)dD = % [exp (L;A) - 1] exp (—R—FTW), (A.11)

J
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o]

G.0.Riij) = [ K(Diij)dD
R

07 14, :
40 {1_exp (—gﬂem (_(91n0+6( 1)A,> A0 0.1

4,

N (—1;# 0* [exp ((_1);+ AA,) _ 1] [1 — (R+ 0)exp (_RJFng)]’ (A.12)

J

J

G.(R,0:1,)) = / K(Dsi,j)dD
R

e 14, .
:AL,IH oxp <_R+Hln00—|—( 1)A,> _AT,GF*(R,OO;],)

J

J

—1y"¢? —1Y*' 4, R+0In0
LD (ED A [(R—i—@)exp (—ﬁﬂ (A.13)
4; 0 0
Hence, from (A.5)—(A.9), we have
R
E”(R;0)=C(R-1) +%HR/ (L(D;1) + L(D;2))dD
0
1 R
- EH(/ (K(D;1,2) + K(D;2, 1))dD
0
+%V + (/ (K(D;1,2) + K(D; 2, 1)>dD —%VR/ (L(D;1) + L(D;2)dD. (A.14)
R R
In addition, from (A.10)—(A.14), the estimate of total cost in the fuzzy sense can be expressed as
E*(R:0) = C(R— 1) + 3 HRIF.(0,R: 1) + F.(0,R:2)] ~ 3 HIG.(0.R: 1,2) + (G.(0,R:2, )
1 1
+§ V 4+ [G.(R,00;1,2) + G.(R,00;2,1)] — 3 VR[F.(R,00;1) + F.(R, 00;2)]. (A.15)
To find the optimal solution, we take the first-order differential of E**(R;0) (in (A.14)) with respect to R,
yields
1 R 1
%E**(R; 0)=C+ ZH/ (L(D;1) + L(D;2))dD + EHR[L(R; 1)+ L(R;2)]
0

—%H[K(R; 1,2) + K(R;2.1)] —%V[K(R; 1,2) + K(R;2,1)]
- 37 [ @O+ LD:2) 4 S RILES) + L(R2)
= CJr%H[F*(O,R; 1)+ F.(0,R;2)] —%V[F*(R,oo; 1) + F.(R, 00;2)]

+%(H + M[(RL(R; 1) — K(R;2,1)) + (RL(R;2) — K(R; 1,2))]. (A.16)

Using (A.8) and (A.9) to compute the last term on the right-hand side of (A.16), yields
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RL(R;j) — K(R;i,j) = — [LZO exp ((—l)é Aj>+ (—1);‘2-411'0 <exp (LH) — 1>‘|

X exp (— L@ln@) (A.17)

. 0 1 Al 1 AZ
A0, A1, 45) = C+§HL‘—1 <exp <?> — 1) 4 (exp <—?> — 1)}7
2 4, \7P o 5L \TP\ 7
4,0 A\ 4,0° 4, 4,0 A
+A—2 exp <—0> + e <exp <—9> — 1> —k—1 exp (—9>
A,0? A
— Af (exp (—1—7 —1)].

Substituting (A.17) and (A.18) into (A.16) and taking the second derivative of E™*(R;0) with respect to R
yields

(H+7)

(A.18)

R+0In0
@E**(R7 0) :A(07A27A2) _B(07A15A2) eXp (_ T),
and
2 B(0,4,, 4 R+ 0In6
%E**(R; 0) :% exp (— %) >0, if B(0,4,,4,) > 0.

Hence, taking diRE**(R; 0) =0 and if B(0,4,45) >0, A(0,4,,45) >0, B(6,4,,45) > 0A(0, 41, 45), then we
have the following optimal cash-raising amount in the fuzzy sense given by

B(Oa Al 3 AZ)
04(0, 41, 45)
Also, the minimum total cost E**(R;(0; 4;, 45); 0) can be obtained by substituting R5(0) into R of E**(R;0),
which is shown in (A.15). O

R=0In =R;(0;4:,4,), where 0 <0< 1.

Proof of Theorem 3.

By f(fw) texp (=2)dD = /=5, if V> C, have (a). Substituting the result of (a), exp (— RIT()O)) = =€ into

v
(6), Theorem 3 holds. [
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