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Abstract

Production operating cost, inventory cost, delivery quantity, and delivery date are four
primary concerns of production decision-maker for make-to-order (MTO) problems. This
study focuses on the problem of homogeneous products, and we discuss the following three
optimal production plan models of MTO:

Model 1: The optimal production plan model of one delivery date with un-limited production
capacity at any point in time.

Model 2: The optimal production plan model of one delivery date with limited production
capacity at any point in time.

Model 3: The optimal production plan model of two different delivery date with un-limited
production capacity at any point in time.

How to make the problem into a tangible mathematical model by taking into the

consideration for the purpose of minimal total cost (including the production operating cost

and inventory cost) and punctual delivery of products is the process of this study.

For the mathematical models, we use the method of calculus of variations to look for the



optimal solutions.  The main content of this study are as follows:

1. How to look for the optimal solution (include the optimal production function, the optimal
production starting point) of Model 1. The production decision procedure of the optimal
production plan is also constructed.

2. How to look for the optimal solution (include the optimal production function, the optimal
production starting point, the optimal full capacity production starting point) of Model 2.
The production decision procedure of the optimal production plan is also constructed.

3. How to explore the optimal solution (include the optimal production function, the optimal
production starting point, the optimal extra quantity to be produced before the first delivery
date) of Model 3. The production decision procedure of the optimal production plan is
also constructed.

4. The sensitivity analyses for the key parameters in the optimal solution derived from the
three production plan models respectively.

Finally, we combine the results derived from the three issues, and provide a production

decision procedure in deciding the optimal production plan of MTO for the decision maker a

decision reference in dealing with new orders.

Keywords: Make-to-Order, production plan, calculus of variations, dynamic programming,

production capacity situation.
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(1) Mwin J.T[Cl(w|(t))2+C2W(t):|dt
sit. Ww(tw)zo, w()=B, w(t)=0, t, <t<T
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R l=p =l
() |Min It:[cl(w'(t))2+czw(t) Jat

st. w(t,)=0, w(T)=B
Fl L BN (D) - BAE A chsg A 2 1P 48 (Kamien & Schwartz, 1991,
p.14); Tt » H AR 8 LA 22 £ 83 f25¢ (Kamien & Schwartz,
1991; Chiang, 1992) « &7 § & B & £ B HA (1) ek & 12 > R 15 2 Wb s
Boid f2 T 08 LRGN (D) Wqlig 2 Twt) 20 0 A ST (D) dnz5 &
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w'(t)>0, Vte[t,,T] (3.3.1)
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c, = 2¢,W" (t) (3.3.2)

A TR A S @

k k
t L t+—2 >V T 3.
W(t) = 4C1 o U Vtelta T (3.3.3)
FP kK Ek GBS
w1 BE t, =0
g (3.3.3)5% » 4% W(0)=0% w(T)=B > ¥ 11 {#3|(3.3.3)54 ¥ 2 & B A
¥ ez ﬁékl:Z(flfB Al DR R %~ (333)50 @
o B cT
W) =—2t*+| =—2— |-t » Vte[0,T 3.34
w0 gt & 4Clj c[0T] 3:34)
2
;c:;'szcil s (3.3.4);vw§w'(0):$-fl;>o x4 (3.3.2)5 Fa W)

St B s Sodic s Fp o W) >W(0)20, Vte[0,T] - #&d (3315 » §

cT2

B* (834N 2w ZHN(I)L B FfE > Tw=w o

w2 B3R t;>0
T o7 TfEwend APF ARt AEFT FREWHT RO R o

T o0 T TR R T #iE 2 (Transversality Condition) ( Kamien &
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Schwartz, 1991, p.57 )> ¥ F 38 ()2 &  f2W 12 & A= 4P BEt % % B
T Fenig i

wW'(t,) =0 (3.3.5)
(EE2L - F 5048 AAL)
d (3.3.3)5 > 41* (335):8 2 w(T)=B » ¥ 2@ F|(3.33)55 ¢ 2 & B A ¥

2

B ik =—ct, % k,=20B - CZ; Ot T o Hpt g ik~ (3.3.3)5 0 & Al

2
*we)=0 7 orfE@e =T-2%8 S0 (TS ) ppEwE) T £ 7 4
CZ 1
-
2
w(t)=e.2 - Glwp o fg o Gl Sl ) g T (3.3.6)
4Cl 2C1 4Cl 2Cl

(t, 2 $f3EAE > 35 L4 A-A2)

d (3.3.2):% 5> W'(t) 5 t2 Bk Sl £ %6335 rw(t) >w'(t,) =0,

c,T?

Vtelt,,T]; #&d (3.3.1)5% » § B< " 5 (3.36); 2w 2 BN (1) &

1

ER R Tw =W o

¥ T_& A% &P 3 #DF, = DF,(c,,c,, B, T) 4

c,T?
4c,

DF,(c,,c,,B,T)=B - (3.3.7)
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Pl Pt g i REwW () 0 F LA iAo T

Bl 2DF 20 Plwt)="2.t+ 2_% |t vte[o,T] -
4c, T 4c

fim 2: F DR <0 Rt . =T-2 4B oo W*(t)=:—2-(t—tw*)2 'Vte[t., T]e

2 1

I*EE PR m O TR EFRIEFR2DE5SE - B

F e L

2
e (ot e |9 9B 12| ¢
w(t)—4C1 (t tw*) +4C1T [(2 ] T} t Vtelt,. T] (3.3.8)

Fu v tw*:[T_Z E] o
C2

3.4 Bk fReweg B A

t. =0 > fdd4 A2+F 5 24 & (Immediate Production; IP) | ; %

t.>0p > BIFH 5 Taeis4 &2 (Deferred Production; DP) |
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X

st. x(t,)=0, x(T)=B, 0<x'(t) <u(t), Vte[t,,T]

Fli APFEhtend AR X x(t) & B R R o<x ) <u(t) 5 Ft oo g F SN
XOMuA) =1~ 2 pF > &7 2 & F PRt AP TrANA A SRR
G AT IFRT AL (PRt ATT o RET A AR R
[LTIZ &R > MRDAZFENTIP X FRFLERT > > 7 4o
N PFELT 2 XiTH2 ZEEB o

AR (D)1 3 a0 4 (U@ ds<B A > RIS (I L = 7 2
ﬁv;%Jjwﬁds=853’Eﬁﬂﬂ=f&ﬂ9dsé#¥ﬁ(ﬂji¥&—?’Fﬁﬁ(ﬁ“@—
ST TR S B R ) T T A R AT ARG > AR T R

1§$1M9$>B$i°
0

28



BB (M) G f2 3t P NP A 75RE2 Z S8t &7
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(2) —?Min{t|txst£T,_E' X' (t) = u(t) }rg o BIXT(M) =u(t), Yte[T. T] -

(P42 0 342" B-B.1)

d i L] BN (M) ehd E 20 3 T AA BT T iR
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(P E42 0 3% L4 B-B.2)
Fipt o 2 8H-(1) s S o V()2 S FfEX () ¢ h 8L F 2
% 3 = f2;¢ (Kamien & Schwartz, 1991, p.16) e F]pt » | # £ 3 = fg ;X 2 i

BiEEX(.)=0 " 7 E#X Q)4 :
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1% X'(T)=B » P| ¥ f2E(4.3.1);% ¢ 2 f 4 F Hck4o™ ¢

k= JT C2 -[2‘;38 —st-u(s) ds] (4.3.2)
u(s) ds 2 k-

Fm(ll) s Bt =0

4 (4308 2 (4328 » 7B X M) 4o ¢

X (t) = ;(;_Q.SJFZLCJ'U(S) ds » Vte[0,T] (4.3.3)

P2 A K BekAeT

k=— C2 -(ZCSB —ITs-u(s) dsJ (4.3.4)
jou(s) ds \ G 70

d (433) e itede k@ x"(t) 20, Vte[0,T]Z L& iEE S k>0 x

d (434);\ o k>02. v & fu/f,{ i :‘; ZCSB

.
> . o
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fik 2 (Transversality Condition ; =& i # & A=4>prEbt & JF & Jh & ik
£ ) (Kamien & Schwartz, 1991, p.57 ) » ¥ ¥

X"'(t.)=0 (4.3.5)

(# %3842 35244 B-B4)

d (43.1)5% % (435)5¢ > # (Z‘:Tﬁtﬁzﬁ)u(tx*):o » Tk =—c, . o Hpt
3

C, X
Al (43108 % (43.2)5
X' () = j )-u(s)ds > Vte[t.,T] (4.3.6)

LRI ¥ S AR EN ' FAE

2,8 (4.37)

IT (s—t.)-u(s)ds =

2
d w2 (435 7o xX")20% = 2 > Ve[t T] et ¢ > d (43.7)
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.
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ez FR(LL)ER(1.2)6A 45 0 F S ()2 # i f2 250

B(L) A7 @ 4o ik &
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ju(s)ds c, Yo
0
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X* 3

432 BEREEIAER(D)

t
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t \ 264 2¢,

A2 AdndopFel U H - BAK S EY B AT R RN

X'(T.)=B- I "u(s) ds (4.3.8)

d F R ¥ #HiE i (Transversality Condition ; FF#% 5 BF J82_ % 2Le? 4% 8L{E
%R - TM B pFz i% ¢ ) (Kamien & Schwartz, 1991, p.71) » # ¥

X'(T.)=u(.) (4.3.9)
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(4.313) 8 v — A7 (1) 4o

X'(t) = jot [1—;—5- (T. —s)*J-u(s) ds * Vte[0,T] (4.3.14)
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